The main purpose of the paper is to contribute at presenting an analytical and a numerical modeling which would be relevant for interpreting the couplings between a circular membrane, a peripheral cavity having the same external radius as the membrane, and a thin air gap (with a geometrical discontinuity between them), and then to characterize small scale electrostatic receivers and to propose procedures that could be suitable for fitting adjustable parameters to achieve optimal behavior in terms of sensitivity and bandwidth expected. Therefore, comparison between these theoretical methods and characterization of several shapes is dealt with, which show that the models would be appropriate to address the design of such transducers.
I. INTRODUCTION
The two-dimensional axisymmetrical problem addressed here governs the behavior of acoustic fields in both an air gap and a peripheral cavity whose shapes are cylinders, coupled through an interior geometrical discontinuity between them (Fig. 1) , and excited by the displacement field of a membrane, the outer dimension of the membrane being equal to the external dimension of the peripheral cavity. This specific transducer, herein a small scale electrostatic receiver, is assumed to be driven by a uniform time-periodic incident field. The main purpose of the paper is to characterize this device and to propose a procedure that could be suitable for fitting adjustable parameters to achieve optimal behavior of the receiver in terms of sensitivity and bandwidth expected.
The acoustic electrostatic receiver considered in this paper is, to some extent, inspired by an analogous device analyzed previously. [1] [2] [3] [4] The two devices differ in only one respect. In the device analyzed previously, the peripheral cavity is set outside the periphery of the membrane such as the external dimension of the device is the dimension of the external periphery of this outer cavity. In the device considered herein, the peripheral cavity is set behind the peripheral part of the membrane such as the external dimension of the device is the dimension of the membrane, improving even the compactness of the device.
Then the work deals primarily with analytical methods which are appropriate to address this requirement, thermoviscous boundary layer effects and coupling effects are actually taken into account. The analytical method relies on eigenmodes expansions of both the membrane and the fluidfilled elements loading the membrane (air gap and peripheral cavities), along with general solutions of the associated homogeneous propagation equations (see, for example, Refs. 1, [4] [5] [6] [7] [8] . The analytical approach used to provide the results given in this paper has been validated previously from comparison with experimental results obtained on similar transducers available in the literature. 5, 7 Regarding the numerical method which could be given also for final designs of devices, numerical simulation using an adaptive mesh and accounting for the viscous and thermal boundary layer effects [9] [10] [11] has been handled herein; particularly here, it provides more results against which the approximate analytical results can be tested.
Being concerned by the use of these models for the design of such transducers which involve compactness and flexibility (especially in terms of bandwidth), and actually by the characterization of this kind of device, several shapes, yet typical of applications, are considered below, and analytical and numerical results are compared together. These comparisons show that the methods suggested herein could provide information on geometrical parameters characterizing the air gap and the peripheral cavity on the working frequency range (related or not to resonance condition), and on the characteristics of the membrane to achieve the expected optimal performances.
Finally, the advantage of such a transducer design over the more classical one, 1 in terms of sensitivity and bandwidth, is presented.
II. ANALYTICAL SOLUTION
The two-dimensional axisymmetrical problem addressed here governs the behavior of acoustic pressure fields in small domains, namely, a fluid gap of thickness h g in the interval ð0; R e Þ and a peripheral cavity of thickness h c in the interval ðR e ; R M Þ, assumed to be excited by a membrane (acting as an extended time-periodic source) set at z ¼ 0, R e and R M are the radii of the electrode and the membrane, respectively. a) Author to whom correspondence should be addressed. Electronic mail:
petr.honzik@gmail.com
A. Equations governing the membrane displacement
The equation governing the vibration of the membrane driven by a harmonic incident acoustic pressure field p inc (uniform over the membrane surface) and loaded by the pressure field pðrÞ [namely, the pressure in the air gap, p g ðrÞ, and the cavity, p c ðrÞ], can be written as follows (given that the time dependence is e jxt ): 
The general solution for the membrane displacement is the eigenfunction expansion
with
where J ðxÞ is the th order Bessel function of the first kind, K n is given by the equation J 0 ðK n R M Þ ¼ 0. Using the orthogonality properties of the eigenfunctions W n ðrÞ, the constants n n can be expressed as
where
M is the surface of the membrane. Assuming usual approximations, namely, small harmonic acoustic perturbations, quasi-plane wave approximation, axial component of the particle velocity negligible against its radial component and derivatives with respect to radial coordinate of both particle velocity and temperature variation negligible against their derivatives with respect to axial coordinate, the solutions of the linearized version of the Navier-Stokes equation and the Fourier equation for heat conduction give, under several approximations, the particle velocity, v, and temperature variation, s, profiles across the element (see Refs. 1, 12, and 13 for details). Introducing the mean values of these profiles (the subscripts v and h are related to the viscous and thermal effects, respectively, and the subscripts g and c are related to the fluid gap and cavity, respectively) 
the complex wavenumber and the source term are given, respectively, by
(k 0 ¼ x=c 0 is the adiabatic wavenumber) and f g;c nðrÞ with f g;c ¼ Àq 0 x 2 =ðh g;c F vðg;cÞ Þ. The parameters which specify the nature of the fluid being the density q 0 , the adiabatic speed of sound c 0 , the ratio of specific heats c, the shear dynamic viscosity l, the thermal conductivity k h , the specific heat coefficient at constant pressure per unit of mass C P , and the increase in pressure per unit increase in temperature at constant densityb ¼ ð@P=@TÞ q ffi P 0 =T 0 (P 0 and T 0 are the static pressure and the static temperature, respectively).
The analytical procedure used to describe the pressure field in the peripheral cavity (the variable of interest here) is a compromise between the numerical solution of the basic equations (namely, the Navier-Stokes equation and the energy Fourier equation) subjected to the appropriate boundary conditions (see Sec. III) and the "small cavity" approximation which assumes that the acoustic pressure is uniform inside the peripheral cavity. This analytical procedure assumes that the pressure variation depends only on the rcoordinate all over the surface of the peripheral part of the membrane (this is valid almost everywhere as verified numerically; see Fig. 3 ) even though the domain is not very thin, avoiding intricate mathematics.
Acoustic pressure inside the transducer
The solution of the wave equation (7) for the acoustic pressure in the air gap is expressed as the sum of the general solution (of finite extent at r ¼ 0) and the particular solution which takes the form of an expansion on the same eigenfunctions as for the membrane displacement
When the radius of the peripheral cavity become much greater than its height, the radial component of the particle velocity predominates and the cavity acts as an annular slit. Then, the acoustic pressure in this cavity is given by [Eq. (7)]
where Y ðxÞ is the th order Bessel function of the second kind. The integration constant, B c [Eq. (10)], is given by the vanishing radial particle velocity condition on the solid boundary at r ¼ R M which leads to the Neumann boundary condition for the acoustic pressure in the cavity
The integration constants, A g [Eq. (9)] and A c [Eq. (10)], are given by the continuity conditions at the periphery of the fluid gap, r ¼ R e (i) Continuity of the acoustic pressure, p g ðR e Þ ¼ p c ðR e Þ.
(ii) Continuity of the acoustic volume velocity which leads to F vg h g @ r p g ðR e Þ ¼ F vc h c @ r p c ðR e Þ.
The integration constants can then be expressed as
C. Coupling between the membrane displacement and the acoustic pressure inside the transducer
Introducing both the acoustic pressure p g and p c in Eq. (4) gives
where S e ¼ pR 2 e and S eM ¼ pðR
e Þ, and leads after integration, to the following expression for the coefficients, n n :
or, in the matrix form f½U À ½CgðNÞ ¼ ðBÞ;
where ðNÞ and ðBÞ are the column vectors of elements n n and
respectively, ½U is the diagonal matrix of elements TðK 2 À K 2 n Þ, and where the matrix ½C of elements C nl is given by [after using Eqs. (9), (10), and (14)]
D. Pressure sensitivity
Once the amplitudes n n of the membrane modes are calculated using Eq. (16), the mean displacement of the membrane over the surface of the electrode takes the form
The pressure sensitivity for the given polarization voltage, U 0 , is then
III. NUMERICAL SOLUTION
The linearized versions (but, here, without any other approximations contrary to Sec. II B 1) of the Navier-Stokes equation, the conservation of mass equation, and the Fourier equation for heat conduction (accounting for the state equation) can be combined into the set of basic linear coupled equations for the particle velocity v and temperature variation s. 9 The numerical modeling is based on this linear formulation discretized using Galerkin finite elements, the same mesh interpolation being used for particle velocity and temperature variation. 10 The corresponding weak form on the two-dimensional axisymmetrical fluid domain, X, takes the form (given that the time dependence is e jxt )
where dX ¼ 2pr dr dz, g is the bulk dynamic viscosity, w vr , w vz , and w s are the test functions related to the radial and axial components of the particle velocity v r and v z and to the temperature variation s, respectively. Note that only the integrals on the fluid domain X appear in Eq. (22); the integrals on the boundary C of the fluid domain vanish either due to the homogeneous Neumann boundary condition or to vanishing test function for homogeneous Dirichlet boundary condition.
The acoustic pressure in the domain can be expressed in terms of variables v,s using the fundamental conservation and state equations 12 pðr; zÞ ¼bs À q 0 c 2 0
The pressure at the membrane pðr; z ¼ 0Þ accounts for the source term of the equation governing the membrane displacement (1) whose weak form is expressed as follows:
where C M is the membrane part of the domain boundary, dC M ¼ 2pr dr, and w n is the test functions related to the membrane displacement, n. This coupling between Eqs. (22) and (24) is completed by the boundary condition for the axial component of the particle velocity, v z ¼ jxn on C M . The membrane is assumed to be isothermal (s ¼ 0 on C M ).
Concerning the other parts of the domain boundary, the usual non-slip and isothermal boundary conditions (v ¼ 0,s ¼ 0) on the rigid isothermal boundaries and the conditions of symmetry (@ r v z ¼ 0, v r ¼ 0, and @ r s ¼ 0) on the z-axis are accounted for.
10,11
IV. RESULTS AND DISCUSSION
Several examples of analytical (using first ten eigenmodes) and numerical results on the membrane displacement field, the acoustic pressure field behind the membrane, and receiver pressure sensitivity, as a function of the frequency, are presented hereafter. The physical parameters that specify the properties of the fluid (air, in this case) are given in Table I (the value of the bulk dynamic viscosity, g, is calculated from the value of the shear dynamic viscosity, l, using equation 14 g ¼ 0:6l). The comparison between the analytical and numerical results for the membrane displacement field nðrÞ and the acoustic pressure behind the membrane pðr; z ¼ 0Þ at 1 kHz, 50 kHz, and 100 kHz is shown in Fig. 2 . The incident pressure is set to 1 Pa; the dimensions and other parameters of the transducer which correspond to MEMS microphone 4, 5, 15, 16 are given in Table II . The volume, V c , and the thickness, h c , of the cavity determine the radius of the electrode, R e ¼ 1.09 mm. A good agreement between the analytical and numerical results is obtained. A discontinuity of the first derivative with respect to radial coordinate of the acoustic pressure behind the membrane can be observed in the analytical results. This is due to the approximate continuity condition which involves the volume velocity at r ¼ R e (the continuity of the z-dependent radial particle velocity would be more appropriate), but the comparison with the numerical results shows that this approximation remains acceptable. The mappings of the numerically calculated acoustic pressure, pðr; zÞ, in the cavity at 1 kHz, 50 kHz, and 100 kHz depicted in Fig. 3 show that the approximation used in the analytical solution assuming only r-dependent acoustic pressure (see Sec. II B 1) is valid in the major part of the cavity. The imperfect validity of this approximation in the small region near the geometrical discontinuity has negligible impact on the calculated membrane displacement (the variable of interest when calculating the pressure sensitivity of the transducer), as shown in Fig. 2 . The transducer considered herein is compared in terms of sensitivity and bandwidth with the previously described transducer with planar backing electrode of the same radius as the one of the membrane, the peripheral cavity being set outside the periphery of the membrane 1 as shown in Fig. 4 , both having exactly the same properties (given in Table II) , the external dimension of the second one, R c ¼ 1.8196 mm (equal to the dimension of the external periphery of the outer cavity), being determined by the volume, V c , and the thickness, h c , of the peripheral cavity. The pressure sensitivities of these two transducers as functions of the frequency, both being calculated analytically and numerically, are presented in Fig. 5 . First, good agreement between the analytical and numerical results can be noticed. Second, the comparison shows that the transducer considered herein is advantageous in terms of pressure sensitivity and bandwidth; its sensitivity at 100 Hz is 0.654 mV/Pa (À63.68 dB re 1 V/Pa) against 0.478 mV/Pa (À66.41 dB re 1 V/Pa) for the previously described transducer, even though both have the same geometrical and mechanical properties. Moreover, in the transducer considered herein, the first eigenmode is less damped, which means that its dimensions (particularly, the air gap thickness, h g , and the electrode radius, R e ) can be optimized, and its sensitivity and bandwidth can be further improved. Note that the sensitivity curves appear coherent with the mean value of the displacement field over the surface of the electrode, S e .
The analytical pressure sensitivities of the optimized transducers presented herein are compared with the one from the previously described transducer in Fig. 6 . Apart from the improved sensitivity and bandwidth, another remarkable property can be observed: the optimized transducers act as low-pass filters with a good selectivity which can be of interest from the point of view of the signal processing at the receiver's output. When the strongly decreasing part of the sensitivity curve, which occurs in the upper frequency domain (above 80 kHz), reaches the lowest value of the oscillations which appears in the pass-band of the transducer, we assume that the corresponding value of the frequency could arbitrarily, but logically, represent the upper limit of the frequency bandwidth, f max (then defined in this way). The passband ripple is then defined as the difference between the maxima and minima of the oscillations in dB. The optimized dimensions of these transducers, their sensitivities at 100 Hz r LF , the upper limits of the frequency bandwidth f max , and the pass-band ripples are given in Table III . The first optimized transducer configuration has the highest upper frequency limit, the second one has the lowest pass-band ripple, and the third one has the highest sensitivity. It is worth noting that the two first eigenfrequencies, f m (m ¼ 1; 2), of the membrane in vacuo given by the solution of equation J 0 ðð2pf m = ffiffiffiffiffiffiffiffiffiffi ffi T=m s p ÞR M Þ ¼ 0 are equal, respectively, to f 1 ¼ 40.9 kHz and f 2 ¼ 94.0 kHz. Then, it appears that the sensitivity of the microphone presented herein drops off beyond the second mode of the membrane (when the dimensions are optimized in order to achieve appropriate damping), not beyond the first one as is the case for classical microphones.
V. CONCLUSION
In the device considered herein, the radius of the backing electrode is smaller than the radius of the membrane in order to allow to set a peripheral cavity around it, behind the peripheral part of the membrane, thus improving the compactness of the device while bringing a geometrical simplicity that is advantageous from a point of view of microfabrication. Despite the fact that the radius of the electrode is reduced in this way, this device can lead to both a higher sensitivity and a larger frequency bandwidth compared with the ones achieving other designs. These results are obtained from using both analytical and numerical modeling, which are relevant to interpret the phenomena involved in this kind of device; these theoretical approaches being validated previously from comparison with experimental results obtained on a similar transducer, and are available in the literature. 
